A SIMPLE PROOF OF THE CHARACTERIZATION OF FUNCTIONS OF LOW AVILES 
GIGA ENERGY ON A BALL VIA REGULARITY 



ANDREW LORENT 



Abstract. The Aviles Giga functional is a well known second order functional that forms a model for blister- 
ing and in a certain regime liquid crystals, a related functional models thin magnetized films. Given Lipschitz 
domain Q. c R 2 the functional is I e {u) = 5 J a e -1 1 1 - |Z5w| 2 |~ + e \D 2 u\ dz where u belongs to the subset of 
functions in W 2 "(£l) whose gradient (in the sense of trace) satisfies Du(x) ■ % = 1 where r] x is the inward 
pointing unit normal to dCl at x. 

In | Ja-Ot-Pe 02 ] Jabin, Otto, Perthame characterized a class of functions which includes all limits of 
sequences u„ e Wq" 2 (CI) with I e „(u n ) — > as e„ — > 0. A corollary to their work is that if there exists such a 
sequence (w„) for a bounded domain Q, then CI must be a ball and (up to change of sign) u := lim, MOO u„ = 
dist(-,<9fi). Recently |Lo09| we provided a quantitative generalization of this corollary over the space of 
convex domains using 'compensated compactness' inspired calculations of | De-Mu-Ko-Ot 01 1. In this note 
we use methods of regularity theory and ODE to provide a sharper estimate and a much simpler proof for the 
case where CI = B{(0) without the requiring the trace condition on Du. 



1. Introduction 

Let 

I £ (u):= \ e~ l \l - \Du\ 2 \ 2 + eltful 2 dz. (1) 
Jn 

The functional I e forms a model for blistering and (in certain regimes) for a model for liquid crystals 
DAv-Gi 991 . MJi-Ko 001 . In addition there is a closely related functional modeling thin magnetic films 
IIDe-Mu-Ko-OtOll . IIDe-Mu-Ko-Ot 021 . OCo-De-Mu-Ko-OtOll . BRi-Se Oil . BAl-Ri-Se 001 . For function 
u e Wy' 2 (£2) we refer to I e (u) as the Aviles Giga energy of u. 

For an example of a candidate minimizer take the distance function from the boundary ij/(x) : = 
dist(jc, dQ.) convolved by a standard convolution kernel p e with support of diameter e. It has been conjec- 
tured that for convex domains O, the minimizers of I e have the structure suggested by this construction, 
i.e. they are in some quantitative sense close to the distance function from the boundary, Section 5.3 
IIOr-Gio 94IJAv-Gi 861 . 

The first progress on this conjecture was achieved by Jin, Kohn flJi-Ko 001 whose showed that if I e is 
minimized over 

A (Q) •= ( VE W ° 2 ^ ' ^ = 1 Where 7,2 is the inwards \ (2) 
\ pointing unit normal to <9Q at z J 

where Q is taken to be an ellipse then as e — > the energy of the minimizer of I e tends to the energy of 
tfr * p e . Their method was to take arbitrary u e A(£2) and to construct vectors fields £i , X2 out of third order 
polynomials of the partial derivatives of u that have the property that the divergence of these vectors fields 
is bounded above by I e (u). Using the trace condition |^ = 1 and the fact that Q is an ellipse the lower 
bound provided by the divergence of Sj , £2 can be explicitly calculated and shown to be asymptotically 
sharp as e — > 0. 



Date: May 17, 2011. 

2000 Mathematics Subject Classification. 49N99,35J30. 
Key words and phrases. Aviles Giga functional. 

1 



2 



ANDREW LORENT 



As has been discussed in IIJi-Ko POL MAv-Gi 8611 . MAm-De-Ma 99 1 the functional I e minimized over 
Wq' 2 (Q.) has many features in common with the functional J p {v) - J } \Dv + - Dv~\ p dH l for the case 
p — 3, when minimized over the space Dv e BV(Q) with |Z3v(jc) | = 1 a.e. x and v = on dQ.. Aviles Giga 
HAv-Gi 96 1 showed that if O is convex and polygonal then the distance function is the minimizer of J 1 
over the subspace of piecewise affine functions satisfying these conditions. They conjectured the same is 
true for p = 3. 

From a somewhat different direction a strong result has been proved iJa-Ot-Pe 021 by Jabin, Otto, 
Perthame who characterized a class of functions which includes all limits of sequences u„ e W^ 2 {Q) with 
h„( u n) — » as e„ — > 0. A corollary to their work is that if there exists such a sequence (u„) for a bounded 
domain Q, then O must be a ball and (up to change of sign) u := lim,,-™ u„ = dist(-,c?Q). In HLo 091 . 
a quantitative generalization of this corollary was achieved for the class of bounded convex domains, a 
corollary to the main result of [Lo 09 1 is the following. 

Theorem 1 (Lorent 2009). Let D. be a convex set with diameter 2, C 2 boundary and curvature bounded 
above by e '-. Let A(Q) be defined by (0. There exists positive constants C > 1 and A < 1 such that if u 
is a minimizer of l e over A(O), then 

II" " CWw^a) <c(e + inf H2A*iCy)|) (3) 



y 



where f (z) = dist(z, dQ.). 



We take constant A = and thus the control represented by inequality (01 is far from optimal. 
Theorem Q] follows from Theorem 1 of HLo 091 which is a characterization of domains O and functions 
u for which the Aviles Energy is small, more specifically there exists a constant y such that given u e 

r I I 2 

A(O) such that I e (u) = j3 then |QaZ?i(0)| < cj3 y and J \Du(z) + yA dz < cpV, here we can take y = 

512 . The proof of Theorem 1 of BLo 091 is fairly involved, it relies heavily on the characterization of 
'entropies' for the Aviles Giga energy that was achieved in IDe-Mu-Ko-O t 01 1, (see Lemma 3). While 
the calculations in [Lo 09 1 are elementary and self contained, they can appear quite unmotivated to those 
unfamiliar with the background of 1 De- Mu-Ko-Ot 1 1 . In addition the trace condition on the gradient in 
the definition of A(Q) is used in an essential way. 

The proof of Theorem 1 requires quite a careful construction of an upper bound of the Aviles Giga 
energy of a minimizer on a domain with smooth boundary that is 'close' to a ball, then the theorem 
follows by application of Theorem 1 [Lo 09 1. The many steps required to complete the proof result in a 
gradual loss of control resulting in the constant A = 

The propose of this note is twofold, firstly to provide a simple proof of a characterization of the 
minimizers of the Aviles Giga energy on a ball with a sharper estimate and secondly to prove the result 

2 2 

without the trace condition on the gradient, specifically to characterize the minimizers over W ' (Z?i(0)). 
Additionally we find it worthwhile to introduce new methods to study the characterization of minimizers 
of I e , the regularity theory and ODE approach of this note is quite different from previous methods of 
flAv-Gi 961 , Ui-Ko OOI . BJa-Ot-Pe 021 . BLo 091 . Our main theorem is; 

Theorem 2. Let u be a minimizer ofI e over W^ 2 {B\(Q)). Then there exists ^ e {1,-1} 

dx < ce 6 (k>g(e )) <• . 



[ 

Jfl,(0) 



Du(x) + 

\x\ 



The desirability of a simpler proof with a better estimate has already been discussed, it is of interest to 
prove a characterization without a trace condition on the gradient due to the fact this is a strong assumption 
that is inappropriate for a number of physical models. More specifically the condition Du(x) ■ r\ — 1 for 
x € <9Q is not natural in the context of blistering, Gioia Ortiz DOr-Gio 9 4 1 proposed instead Du(x) ■ rj x — 0. 
The original functional proposed by Aviles Giga [Av-Gi 86 1 to study liquid crystals also has this trace 
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condition. In addition for the micro-magnetic analogue of functional I e there is nothing like a pointwise 
condition on the trace, IDe- Mu-Ko-Ot 02l . BCo-De-Mu-Ko-Ot Oil . This micro-magnetic functional is 
given by M e {v) — e _1 J^ 2 l#(v)| 2 + e |£>v| 2 where H is the Hodge projection onto curl free vector fields 
and v is the extension of v to outside Q., this functional is minimized over W l ' 2 (Q. : S 1 ). As mentioned, in 
the proof of Theorem 1 [Lo 09 1 the trace condition is used in an essential way, this is also true of the proof 
of Theorem 5.1 [Ji-Ko 00|. In order to achieve a characterization for less rigid functionals, methods need 
to be developed that do not use this trace condition. A related but different micro-magnetic functional E e 
was studied by Ignat, Otto [Ig-Ot 94) . They also achieved a characterization of minimizers E e showing 
that minimizers converge to Neel Walls, the focus of E e was to provide a two dimensional approximation 
of the micro-magnetic energy in the absence of an external field and crystal anisotropy. 

The proof of Theorem [2] requires establishing the essentially folklore fact that critical points of the 
Aviles Giga energy have W 2 ' 3 regularity and their gradients satisfy certain natural Caccioppoli inequal- 
ities. The much more subtle question of regularity of critical points of functional M e has been studied 
by Carbou QCa 971 and Hardt, Kinderlehrer flHa-Kin 941 . The non-local term in M e makes the Euler 
Lagrange equation harder to study and in some sense weaker regularity has been proved, it is not clear 
if the Caccioppoli inequalities needed for the proof presented in this note are available via the methods 
of BCa 971 . Working with a three dimensional model, different methods are used in BHa-Kin 941 and 
Caccioppoli inequalities are established off a discrete sefl 

Roughly speaking the main open problems related to the Aviles Giga functional are either; (A) con- 
jectures on how the energy concentrates, specifically the F-convergence conjecture of I A m-De-Ma 991 
and related problems. Or (B) conjectures about the minimizer of I e . It is know from BJi-Ko 1 that for 
non-convex domains the minimizer does not need to be the distance function from the boundary (contrast 
this with the main theorem of BAm-Le-Ri 99 1 which showed that for a sequence e„ — > 0, the minimizer m„ 
of the micro-magnetics functional M €n must converge to the rotated gradient of distance function for any 
connected open Lipschitz domain). However as mentioned for general convex domains the conjecture re- 
mains largely open, in [Lo 09] we developed methods that prove the conjecture for convex domains with 
low Aviles Giga energy, it is likely these methods could be used to prove the same result for general low 
energy domains with C 2 boundary. For domains with Aviles Giga energy of order 0(1) neither the meth- 
ods of BLo 091 or this note yield much. A very attractive open problem is to characterize the minimizers 
in the case where Q. is an ellipse, given the sharp lower bound provided by BJi-Ko 1 in this case there 
seems to be much concrete information about this problem - yet it appears to be out of reach of current 
methods. 



2. Proof sketch 

Beyond the regularity issues mentioned in the introduction the proof reduces to essentially applying an 
ODE and using the Pythagorean Theorem. In order to sketch the main strategy of the proof we will make 
a number of assumptions that we will later show are not needed. 

We start by assuming for a moment that the cardinality of the set of critical points of Du is 1, i.e. 

Card({xeBi{0) : \Du(x)\ = 0}) = 1. (4) 
In addition let us temporarily assume we have the (in the sense of trace) boundary condition 

Du(x) — — -— - for x g 3fli(0). (5) 



' It appeal's possible that the methods of |Ha-Kin 94] would establish the appropriate Caccioppoli inequalities everywhere in 
the interior if the arguments were carried through for the two dimensional model, if this is the case the strategy of this note would 
likely yield a characterization of minimizers of M € for where Sl = Bi(0). 
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So let zo e Bi(0) be the point for which \Du(zo)\ = 0. Take y = -zolR n <9#i(0) and let X(0) = yo 

dX 

ill 

u(X(t)) = u(X(t)) - u(X(0)) 



dx T (s) = Du(X(s)). For z e {X(s) : s e [0, t]} let f, denote the tangent to this curve at z. Now for any t > 



f Dh(z) • r^Z/'z. 

J{XO): s e[0,fl} 

If we also assume 

\Du(z)\ ~ 1 for z € {XO) : s e [0, f]} (6) 

then we could conclude that 

\u(X(t))\ - H\X(s) :s€[0, t]) > \X(t) - X(0)\ . 

Now by (0 we know that the path X(t) has to run into Bi(0) and can not escape this domain, so we must 
have X(t) — » zo as t -> oo we have |«(zo)| > |zo - X(0)\ = |zol + 1. 

As will be established later in Lemma[3j inf l>eW 2,2 (B ^ I e (v) < celog(e _1 ). Hence if u is a mimiser of 

\ |l -\Du\ 2 \ 2 dx<ce 2 log{e- 1 ) (7) 

so we know u 'is close to being' 1-Lipschitz and thus |«(zo)l 1, hence |zo| ~ and \u(zo)\ ~ 1. Again 
since m is close to 1-Lipschitz, 

|m(jc)| ~ 1 for any x e B . (0). (8) 

Now fory e dfii(O) let e f (y) = f r , |l - |Dm| 2 | c/i/ 1 . Let 7^(z) = f^, note that |D7 t (z)| < H^, so by 
the Co-area formula 



\ e x (y)dH l y = \ \ |l - |£>m(z)| 2 | dH l zdH l 6 



i(0) Js'Jy-'y?) 

|l-|D M (z)| 2 ||D7 x (z)|^z 



'Bl(O) 

< e f \\-\Du(z)\ 2 \\z-x\- l dz. 



Now by Fubini and © we have 

[ f 1 1 - |£>«(z)| 2 | |z - 1 rfzrfx < ce? Jlog(tr l ) 

JB i (0) Jfli(0) 

thus we can assume we chose x e B ^ (0) such that J gB e x (y)dH 1 y < ce? -\/log(e _1 ). Now 

f |dk(z) + t///'z = f |£>m(z)| 2 + 2Dm(z) • f^— ^- + Wtf'z 

Jr.v.vll \y-x\ Jr,vi 



< 2 |jc - y| - 2m(x) + e x (y) 

d 

£ «*(y). (9) 



So 



dz < c 



fli(0) k _ A JveSB,(0) J[ij] 



r f 

JyedB^Q) J\x, 



V — X 

Du(z)+ y 



\y-x\ 



2 

dH x zdH x y 



® 



Jyei 



< c I e\y)dH l y 



< ce 



i ^(e- 1 ). (10) 
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As for 'most' z e fii(O), py - p^-A < ce« so we have J B \Du(z) + j| dz < ce». 

Now the big assumptions we made are ©, (|6]l and to a lesser extent (|5). The main work of this note is 
to find substitutes for these assumptions. 

What assumption (0]i provides is the existence of a long integral path of the vector field Du which using 
assumption (O we can show is close to a straight line. In order to find such a path, it is sufficient to show 
that the set of critical points of Du are merely low in number, using the energy upper bound and regularity 
of minimizers of I e that is what we will be able to do. 

Now if we define v(z) = u(ez) then v satisfies A 2 v+div ((l - |Z)v| 2 ) Dv) = which is an Elliptic equation 
with right-hand side bounded in H~ l p (B e -t (0)) for all p > 1 . Thus it is not hard to believe Dv is Holder so 
if |Dv(zo)| = for some zo then there must be a constant co such that sup {|Dv(z)| : z e B Co (zq)} < \ so after 
rescaling we have that for every z\ such that \Du(z\)\ = we have that sup{|Dt<(z)| : z 6 B Cll! (zo)} < \- 
Thus by (0 we have that we can have as most clog(e _1 ) critical points of I e that are spaced out by e. So 
cutting fii(0) into N = [j^gprj] equal angles slices which we denote by T\,T2,... T N then at least half of 
them do not have any critical points of Du. So if T\ is one of them, taking yo to be the center of the arc 
Ti n <9Bi(0) the ODE X(0) = y , ^0) = Du(X(sJ) has to run until it hits dT h 

Now the second main assumption we made is ©. Again since for minimizer u we know that I e {u) < 
celog(e~'), so 

| |l - \Du\ 2 \ \D 2 u\ dx < ce\og(e- 1 ). 
Take v e S 1 , for all but c(elog(e))5 lines L parallel to v we have that J L \l - \Du\ 2 \ \D 2 u\ dH l x < 

2 I o| _ . 1 

(elog(e))3. Now on the line L if there is a point z\ e L with 1 - |Dk(zi)| > 5(elog(e ))s then we 
must be able to find z 2 ,Z3 we have inf {|l - |Dw(y)| 2 | : y € [z2>^3]} ^ 4(elog(e _1 ))5 and |l - |Dm(z3)| 2 | > 
SCelogCe- 1 ))^, |l - |D M (z 2 )| 2 | < 4(£\og(£- l ))i then 

(elog(e))i > P |l - |D M (y)| 2 | \D 2 u{y)\dH x y > ^elogfe" 1 ))? P \D 2 u(y)\dH l y > 4(elog(e))i 
which is a contradiction. Thus for most lines L we know that sup{|l - |Dm(z)| 2 | :yeLnBi(0)} < 

1 9 

5(elog(e))". For vector w € R define (w) :- {Aw : A e R) and given subspace V let Py denote the 
orthogonal projection onto V. For subset S c R" let \S \ denote the Lebesgue n-measure of S . Now if we 
run an ODE X(0) = yo, ^(s) = Du{X(s)) between and t then taking v = ^^(oji then we have a set 
G c P (v) ([X(0),X(f)])with \P iv} ([X{0),X(t)])\G\ < cCelogCe" 1 ))? and if z £ {X(s) : s e [0,t]}nP-^(x) for 
some x e G, then ||Dm(z)| 2 - l| < 5(elog(e))^ thus the part of the path {X(s) : s e [0, f]} that is in the set 
P{,\(G) is such that \Du(z)\ ~ 1. So the H l measure of the set of points x e \X(s) : s e [0, f]} for which we 

can assume |Dm(jc)| ~ 1 is of measure as least \X(0) - X(t)\ - c(elog(e -1 ))^ and hence assumption (|6]l can 
in effect be justified. It is worth noting that the idea of following integral curves of the vector field given 
by Du (where u is the limit of a sequence of functions whose Aviles Giga energy tends to zero) was used 
by flJa-Ot-Pe 021 and a similar idea later by ]Ig-Ot 94| . 

Finally we also assumed dD, the only purpose of this assumption was to allow us to run an ODE starting 
fromyo € <9Bi(0) without it immediately trying to leave the domain. Recall yo was the point at the center 
of the arc dT\ C\dB\(0). If instead of starting at this point we started at yo+c (log ^° 1))2 then running the ODE 

forwards and backwards until both ends hit &T\, then we will have a path of length (at least) c(log(e~'))~ 2 
which will be very close to a straight line, see figure [1] Let s < 0, r > be such that X(s),X{e) are the 
endpoints of the path (where we assume without loss of generality X(s) is closer to SBi(0) than X(e)). If 
we are able to show that X(s) € dT\ n dB\(Q) then the argument can proceed very much as described in 
the paragraphs above. The only way this can fail is if the path is (close to) a line of length c(log(e -1 )) -1 
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and runs, (roughly speaking) parallel to 8T\ n dBi{0). However as \u{X(e)) - u(X(s))\ > c(log(e this 
implies we must have \u(X(e))\ > c(log(e but since the path is close to 'parallel' to <9Bi(0) n 8T\ 
we have dist(X(e), dB\{Q)) < c log(e -1 ) -2 which contradicts 1-Lipschitz type property as represented by 
inequality (0, thus we must have that X(s) e dT\ n dB\(Q). By use of this argument assumption (0 can 
be avoided. 



3. The E.L. equation 
Note that if u is a critical point of I e it weakly satisfies the E.L. equation i.e. 

eA 2 u + e _1 div ((l - \Du\ 2 ) Du) = 0. (11) 
Let w e W hl define w t := |j, similarly for v e W 2 '\s e W XI define v u := and s ijk := dx ,f x s gXk - 

Lemma 1. Suppose u e W 2,2 (Q.) is a weak solution of Hit . Define Q e -i := e'Q and let v : Q e i — > R be 
defined by v (z) :— u (ez) e _1 , then v satisfies 

A 2 v + div((l -|Dv| 2 )Dv) = (12) 

weakly in Q E i. 

Proof. Follows directly from the definition of u. 

Lemma 2. We will show that any v e W 2,2 (Q e -i) that satisfies ( 1721 ) weakly in Q. e -i is such that for any 
U cc O f i, v e W 3 ' 2 (U) and v satisfies 

2 

2 Vijptpijp + (( 1 - |£>v| 2 ) • Dv) p D<f> p dz = (13) 



J. 



for any <p e Cg (U). 

Proof. Given set S c R 2 , let d(x,S) = inf {\z - x\ : z e S } and define N S (S) := {x : rf(jc,5) < 5). 

Step 1. For 5 > let IL; := Q. £ -i\N s (d£l c -i). We will show that D 2 v e W 1 ' 2 ^). 

Proof of Step 1. Let g(jc) := Dv(x )(l - |7 >(x)| 2 ) and w : = Ay. Since v e W 2 ' 2 (i\-i), by Poincare's 
inequality (Theorem 2, Section 4.5.2 flEv 921 ) Dv e L p {Q. e -\) for any p < oo, hence g e L 9 (Q e -i) for any 
g < oo. So 



J wA(f> = j g D<f) for any cf> e C~(£Vi). 



Let p e C^(Z?i) be the standard convolution kernel and define Pa-(z) = p(f)°" 1 ■ Given function 
/ G W 1 ' 1 we denote the convolution of / and p a by / * p ff . Let <p e (0, 5) and define w v := w * and 
g<p := g * p^. Now for any e C^°(£2 e -i), defining 0^ = * p^ we have 



J" tv p A0 = J wA^ = J g- = J g v -D<f> 



which gives that Aw v (z) = -drvg^(z) for any z e IL;. Let t// e C|j°(IL;) with iff = 1 on 112,5 an d l-D^I < c5 1 
and \D 2 i//\ < c5~ 2 . Define s(x) = w v (x)ifr(x), so 

As = -divg^i/r + 2Dw,p ■ D\J/ + w^Aty. 

Now divig^ifr) = divg^ + g v ■ Difr and 2Dw^ ■ Dif/ = div^vi^Dt/O - 2w^Aiff and thus 

As = div(-g^ + IWyDili) +g< p -Difr- w^Aip. (14) 

Let X = Ds, so by (TBI) we have that 

curl(X) = and div(X + g v if/ - Iw^Di]/) =g <p -Di}r- w^Axfr. (15) 
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For any C 2 vector field V, let H( V) denote the Hodge projection of V onto the subspace of curl free 
vector fields, i.e. H(V) = -DA'divV, so H(V) satisfies div(tf(V) + V) = and cmlH(V) = on R 2 . So 
from ( fl5l l then we have 

curl(X - H(g^ - 2w v Difr)) = and div(X - H(g^ - 2w ip Di//)) = g v ■ Dt]/ - w^Atfi. (16) 
Let i] e C°°(R 2 ) be such that 

Dt] = X- H(g^ - 2 Wtf Difr), ( 1 7) 

so finally we have 

At; = g v ■ Dip - w<pAifr. (18) 
Now recall X = Ds where s = w^ifr. Thus Ds = Dw^i/f + w^Dij/ and thus for any p e [1,2], 

2--V ~ 2-3p 

IWIzajr 2 ) ^ c\\Dw<e\\it&?) + c\\w^\\ LP(R 2 ) < c\\w * Dp^^ + cWw^^ < c<p " \\D u\\ L i {n l} < cip t . 

(19) 

And by LP boundedness of Hodge projection we know 

W(g^ - 2w (P Zty)|| LP(R 2 ) < cWgtpif/ - 2w ? ,D^|| LP(R 2 ) < cWgyWi/^ ) + cllwylbciv, ) ^ c. (20) 



Thus for p — | we have HD77II 3 s < ap 3 . What we need to do is obtain an ^) independent 

bound on D77, we will achieve this by use of ( fTSl . First note by Holder g v ■ Dif/ - w^Aip e Li(R 2 ) from 
(TTSl by Standard LP estimates on Riesz transforms (see Proposition 3, Section 1.3. Chapter 3 HSt 711 ) we 
know 

||£> 2 77|| 3 , <c||ej| 3 +c\\wj 3 <c. (21) 
So Dr] e V^''2(R 2 ) and thus by Sobolev embedding theorem (Theorem 1, Section 4.5.1. BEv 921 ) we have 

ED 

Wy^ty < c||D 2 77iy (]R2) < c. As SptX c Us c Q f -., |ID*|| i2(R2) = \\Ds\\ L z (n ^) < c and using L 2 
boundedness of the Hodge projection 

WDsWpan*) * 110^(0 + 11^^-2^^)11^ ) < c . (22) 



Since Ds = Dw^+w v Di/r, so WDw^y^ < c+\\w^,DiJ/\\ L 2 (m 2y Now = Av^ and so Ww^DipW^^ < 
c IP 2 ^llL 2 (n, s ) ^ c f° r an Y ^ > 0. Hence 

WDWyU^ < c for all <p > 0. (23) 
Let g e (^a) with q = 1 on ^,5. Let = v^i^ so Az^ = Av^q + 2Dv ip ^ l ■ Dq + v^jAq. Thus as 

123} 

H a ^Hl 2 (r 2 ) ^ W A v<p,iq\\ L HR 2 ) + 2||DVp,i • D^II^^) + IIv^iA5|| l2(e2) < c. 

Now as we have seen before by L 2 estimates on Riesz transforms, this implies D 2 z ip e L 2 (R 2 ). As 
D 2 Ztp = D 2 v,p t iq + 2Dv^i ® Dq + v iPt \D 2 q we have that 

I \D 2 v^i\ 2 dx < c J |d 2 z^| 2 c/x + c J |Dv Vi i| 2 +c J |^ ; i| 2 dx < c for every <p > 0. (24) 
Jn 3 , s Jir 2 Jr 2 Jr 2 

Arguing in exactly the same way gives j n \D 2 v Vt 2\ 2 dx < c for every <p > 0, thus 



c for every <p > 0. 
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Now for any <p n — > 0, D v Vn is a bounded sequence in W ■ (Yl^s), so for some subsequence k n , D v w 
f e W'^IL,, : R 2x2 ). Clearly f = D 2 v for a.e. in n 3l5 . Let z, k e { 1 , 2} and e C~ (n 3 ), 

J vjj(f>,k = Um J v nnJj (p yk dx 
= Jim J -v^jjkfidx 

= J ~Cij,k^ dx - 

Thus v,y e W l ' 2 (Tl is ) for any z, e { 1, 2} and hence D 2 v e W 1>2 (n 35 ). 
Step 2. We will show that v satisfies ( fT3l ). 

Proof of Step 2. Take any arbitrary € C°°(Q f -i), letting ^(z) := ?k±ittQ we know from ([121) 



J 2 v y (y) 4> Up (y) + (l - \Dv (y)\ 2 ) Dv (y) D(f> p (y) dy 



jSS ^ f Z v « 00 ^0 ^) + (l + |£>v (y)| 2 ) Dv (y) Dip h (y) dy 



= 



(25) 



thus integrating by parts 



J 2 v <>^ + (( ! - |Dv|2 ) Dv ) P D ^ = °- 



Repeating the argument gives us (fT3l l. □ 



Lemma 3. Lef m e Wq' 2 (Bi(0)) fee f/ze minimizer ofI e , then 

h(u) < celogCe -1 ). 



(26) 



Proof Let p be the standard rotationally symmetric convolution kernel with Sptp c Z?2(0) and let 
p e (z) := p(-)e~ 2 . Let w(x) = 1 - |*| and w e — w* p £ . So if y e fi4 e (0) 



|Z) 2 w £ (y)| < J . 



(w(z) - l)D%(y - z)dz 



< ce "* I |w(z) - 1 1 az < ce 



-l 



(27) 



Note Dw(y) = -A and D 2 w(y) = f§ - lyp 1 W so |D 2 w(y)| < A. So 



\D 2 w € (y)\< j D 2 w(z)pAy - z)dz <lj 



< 4 | Z) & < for any 3/ « B 4e (0). 

kl \y\ 



(28) 



Thus 



D wJ dy < 



Bl(P) 



\D wJ dy + 



B,(0)\B 4e (0) 



ID W e ay < c + c \ r dr < clog(e ). 



-K 



Now {x e R 2 : w e (x) = o} is a circle of radius h ~ 1 so defining v(jc) = w e (|J h, v e Wq' 2 (Z?i(0)) and 
Jb,(0) l D2y | 2 - cl °g( e_1 )- Now if x * B 4,(0), \Dw e (x) - Dw(x)| = |/(Dw(z) - Dw(x))p e (x - z)dz\ < g. 
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So \\Dw e (x)\ 2 - lP < c\\Dw e (x)\ - 1| 2 < f4. Thus 

f |l - \Dw e (x)\ 2 fdx < ce 2 + \ |l - \Dw £ (x)\ 2 \ 2 dx 

< ce 1 + — dr 

Me r 



I At 

< c\og{e- v )e 2 



and this establishes (l26l l, □ 

2 2 

Lemma 4. Lef u e W ' (Z?i(0)) fee a minimizer of l t . Let C\ be a some small positive constant to be 

chosen later. Define A(x, a, fl) := Bp(x)\B a (x). We divide B\(Q) into N = [C^ 2 log(e')] slices of equal 

angle, denote their closure by T\, T2, . . ■ T^. There must exists a set H C {1,2, ... N] with Card (EL) > j 
such that if i s II 

inf [\Du(z)\ :ze r,- n A(0, clog(e~')e, 1 - 2e)} > - and 

sup{|D M (z)| : z e T t n A(0,clog(e-')e, 1 - 2e)} < 2. (29) 

Proof of Lemma^ Define v(z) = K(ez)e -1 . LetS; = e -1 ^ for/ = 1,2,. ..N. For/ e {2,3,. ..N- 1) 
define 

Si = Sj-i US,U Sj+i and let S 1 = S n-i U S\ U 5 2, = Sa<-i U5jvUS|. 

Define 

Go := 1/6 {1,2,. ..N] : J |l - |Dv| 2 | 2 + |D 2 v| 2 * <C,|. (30) 
Note that by (l26l of Lemmal3lwe know f B , m |l - \Dv\ 2 \ 2 +\d 2 v\ 2 dx < clog^ 1 ), so Ci(N- Card (G )) < 

Jo e _l (U) I III 

clog(£ _1 ), thus (assuming we chose Ci small enoug h) ^-logte- 1 ) < Card (G ). 

Step 1. Let / 6 Go, we will show that for any yo e S ; such that B2 (yo) c 5,- and e (Z?2 (yo)) such 
that if/ = 1 on Bi (yo) we have 



D 3 vVVfe<c. (31) 



Proof 'ofStepl. Let F = (4^) _1 f B<Vg) Dv, T = (4jt)- 1 JT v and we define v (z) = v(z)-Y-(z-y )-T. 
Let <p '■= vtfr . So </> p = v p tfr + 6vtf/ 5 tf/ p and 

<f>pi = v pi i[> 6 + bVp^tyi + GViififrp + 6v {fifp), ■ (32) 

<t> P ij = Vpijxj/ 6 + bVpi^tyj + 6v pj i/y 5 i// i + 6v p (i^fti) . 

+6v, 7 -aVp + 6i>, (tfilfp). + 6vj (ifxlfp). + 6v (^V,) . (33) 

— r 1 7 |2 

By the fact that Biiyo) c 5, we know J B2(yo) P"" v | - Ci, by Poincare's inequality this implies 

l|£v|I £ 2 (fl 2 (>>o)) ^ c and II^IIl 2 (b 2 (j„)) ^ c. So from © 



Vijpf ^ c||v, 7p ^|b (l|£> 2 v|| LWvo)) + ||Z)v|| L2(B2(yo)) + ||v|b«,c»))) 

< C ||D 3 v,A 3 ||l2. (34) 
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Now 



J ((l-\Dv\ 2 )Dv) p -D4> p dz 



J ((l-\Dvf)Dv)-D<l> pp dz 
J ((l - |Dv| 2 ) Dv) ■ (D<f> pp - Dvppif, 6 ) dz 
+ J ((l-\Dv\ 2 )Dv)-Dv pp if, 6 dz 

2(V0)) 

+||DVlbll(l-|Ov| 2 )Dv^|b 



{30J 



< c(l + ||Z) 3 v^|b (M ). 
Recalling the fact that by Lemma[2] v satisfies ( fTST l we have 



(35) 



ft w s 



i,j,p=l 



2 

J Z i vi 4 ^ - vi ^p - J (( ! - |Dv|2 ) Dv ) P ■ D(f> p dz 



ED-ED , 

< c||D 3 y,A 3 lb+c. 



And this establishes OTb . 

Proof of Lemma^ By Theorem 2, Section 5.6 flEv 981 



IIO v\\ LHB2(yo)) < \\D 2 v\\ w u + \\d\\\ LHB 

2(yo)) 



< c. 



By Sobolev embedding this implies Dv is ^-Holder in B\ (yo). 

Since J Bi(vo) |l - \Dv\ 2 f dz <C\. Let L = |z e Bi (y ) : |l - |£>v| 2 | 2 < VC7} so we have |Bj (y ) \£| < 
VC7- So B i (yo) n L + so we can pick zi e B i (yo) n L. Since Dv is A Holder 

||Dv(y )|-l| < \Dv(y )-Dv{zx)\ + c\ 

< c\y -zifi +C] 

< cC\, 

assuming we chose C\ small enough this implies |Dv(yo)l e (|>2). Since yo is an arbitrary point in 
Si\N 2 {dSi) and Du(ey ) = Dv(y ) this implies $29$. □ 
Lemma 5. Lef m e W 2 ' 2 {B\{0)). Suppose 

(36) 



|l - \Du\ 2 \\D 2 u\dz<B 



Bi(P) 



and 



1 - \Du\ 2 \dz < B. 



We will show that for any w € S 1 we can find a set G w C P w ± (Bi(0)) with 

|fV (Bi(0))\G w | <F 

and for any x € G w we have 

sup j||D M (z)| - 1| : z e P~\ (x) n Bi(0)} < 5B l k 



(37) 

(38) 
(39) 
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Proof of Lemma. Let 

B w := Le/V(Bi(0)) : f |l - \Du\ 2 \ \D 2 u\ + |l - \Du\ 2 \ dz < bH . 

By Chebyshev's inequality we have \P W ± (Z?i(0)) \B VV | < 2B? . For any x e P W ±(B^ ^(0)) we know 

|P~i(x) n Bi(0)| > B^ and so if in addition x e B w we have that there must exists z x e n B\(0) such 

that |1 - \Du{ Zx )\\ <j8i 

Suppose x e 5„ ! nP lr i(B i _ |(0)) and for some y v e n Bi(0) we have |1 - |Z)«(y. v )|| > 5B? . Then 

as we can assume without loss of generality that Du is continuous on P~[(x) n fii(0) and so there must 

exists a x , b x e P~\(x) nB i(0) such that \\Du(a x )\ - \Du(b x )\\ > B? andinf {\Du(x)\ : x e [a x ,b x ]} > 1+4B?. 
However by the fundamental theorem of Calculus 

AB^\\Du{a x )\-\Du(b x )\\< I |1 - \Du\\ \D 2 u\ < p 
which is a contradiction. Thus taking G„ := B w n P H ±(Z? i i (0)) completes the proof of the lemma. □ 



Lemma 6. Suppose u is a C function that satisfies ( 1561 ), ( 1571 ) and A c fii(0) is convex with the property 

l 

3 



f/iaf inf {|DS(x)| :ieA)>l and sup {|DS(x)| : x e A} < 3. 



Given function X : R — > R 2 f/iaf solves X(0) — x and X(s) = Du(X(s)), suppose Si < < s 2 are such 
that X(s) € A for any se [s\, S2] then 

u(X(s 2 )) - u(X(si)) >(l-ph \X(s 2 ) - X(s x )\ - cpl. (40) 

And if in addition X{s\),X(s 2 ) t B r (x) for some B r (x) C Q,, then 

{X(s):se[s u s 2 ]}<zN 1 ([X( Sl ),X( 52 )]). (41) 

Proof. Let w e 5 1 be orthogonal to X(s2) - X(si). Let G K be the set satisfying (f38T > and ( f39b from 
LemmaEl Let P = : t e sf 2 ]} and T = P n P-[(G W ). So ^(T) > \P w x([X(s{),X(si)]) n G w | > 
|Z(s 2 )-^(si)l -j8* and so 



S(X(s 2 )) -fi(^(*i)) = J" Du(z)-UdH\ 



> {\-c^)H x (Y)+\h x (P\Y) 

> (l-cBh\X(s 2 )-X(s l )\ + lH 1 (P\T)-cp (42) 



which establishes (l40l . Now 

u(X(s 2 )) - u(X(si)) < I \Dii(z)\dH l z 



f |M( 

J[X( Sl ),X( S2 )] 



< (1 + qSJ) |JV([X(*0,X(ji)] n G w )| + 3 |PvL([X(j2),X(ii)] \G W )| 

< \X(s2)-X(si)\ + cpl (43) 

now putting (l42l and d43l together we have H l (P\T) < cf}*. Now this and the second inequality of (l42l 
and inequality d43l imply that 

|X(j2)-X(ji)|-#i ^(P). (44) 
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If X(si),X(s 2 ) ( B r (x) then as X(0) = x e P and as P is connected we know H\P) > \X(s{) - X(0)\ + 

1 

\X(s 2 ) - X(0)\ > 2r which by d4§ implies \X(s{) - X(s 2 )\ > r and so \X(si) - X(s 2 )\ (1 + > H\P). 
Now letting f, denote the tangent to the curve P at point z we have 

J P * |Z(*z)-X(ji)| J P 1 \\X{s 2 )-X(s{)\) 

= 2// 1 (P)-2|X(s 2 )-X(s I )| 

< #1 
r 

By Holder's inequality and the fundamental theorem of Calculus this immediately implies d4"TV □ 

2 2 i — 1 12 

Lemma 7. Suppose u is a minimizer of I e over Wq- (Bi(0)). There exists r ~ e5(log(e _1 )) T ana € e 

{1,-1} SWc/l f/lflf 

inf {^(z) : z € fi r (0)} > 1 - ce^gCe -1 ))^ (45) 

Proof. First recall that by Lemma[3] d26i > we know that I e (u) < celog(e _1 ). Let T\, T 2 , . . . Tpj be as 
defined in Lemma|4] By Lemma|4]there exists i 6 {1,2, . . .N] such that T, satisfies i29\ . 

By Lemma|2]we know u e W 3 ' 2 (.Bi_ 2e (0)). Now by approximation of Sobolev functions (see Theorem 
3, section 5.33 BEv 98 1), for any small r > we can find ft e C°°(B 1 _2 E (0)) such that 

\\u - u\\ w x2 (Bi 2em < t. (46) 

Since 

|l - \Du\ 2 \ 2 dx < ce 2 log(e _1 ) (47) 



Bl(0) 

and 

|l - \Du\ 2 \ \D 2 u\dx < celog^ 1 ). (48) 

/Mil, 

I c „ _ 

sup {\u(z)\ : z e <9fi,- 2e (0)} < c Vi. (49) 



By Sobolev embedding we have that u is i -Holder and thus 



Now assuming r is small enough, as by Sobolev embedding Du is Holder continuous, ft must satisfy 
sup {|S(z)| : z e <9fii_ 2e (0)} < c yfe and 

inf{|Dft(z)| : Z eA(0,clog(e"') f ,l - 2e) n T,} > - and 

sup {|Dft (z)| : z e A(0, clog(e _1 )e, 1 - 2e) n T,} < 3. (50) 

It is also clear that for small enough r, ft satisfies I e {u) < celog(e _1 ). 

(fit 2 

Step 1. Let § denote the center point of (9Z?i- 2e (0) n T,- define g — 2(1 - cos(^)), so g ~ Q^-jpr^p ■ Let 
q — (1 - $-)#. For any set A let conv(A) denote the convex hull of A. Note that (see figureQ} 

distG?,conv(dBi_ 2 e(0) n T[)) > |. (51) 

Let X : R -> R 2 be the solution of X(0) = q and X(s) = Du(X(s)). Let 71 := 71 n A(0, clogCe -1 )^ 1 - 
2e). Let f 2 > be the smallest number such that X(t 2 ) e <9T, and let fj < be the largest number so that 
X(ti) e dTi. Let s e {fi, f 2 ) be such that 

d(X(s), dB^ 2e (0)) = min W(X(fi)), «9Bi_ 2e (0)), Sfi^O))} . (52) 

Let e e {t u t 2 } \ {s}. See figure[T] 

We will show X(s) e <9Bi_ 2e (0) n %(i og(e -i )r i /2 (i?) and X(e) e <971\<9Bi-2e(0). 
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Figure 1. 



Proof of Step 1. We claim 

_ l ( X(s)-X(e) 0\ n 1 

cos ■ — < . (53) 

\\X(s)-X(e)\ \d\)~2 129 

Let i// = cos' 1 ' if)- Suppose <[53j not true, i.e. ifr > § - Since X(s), X(e) t B ? (&) and by 

d46l l. ( l47b . ( l48b a satisfies d36l l. (f37T > for/? = elog(e~') so applying Lemma|6]we have that by (HTb 

i.e. points g, X(s2), X(s\) are roughly (with error ce* (log(e~ ! ))i ) aligned, so by ( Bil l we must have 

X(e) e dTAdB^M 

and in particular \X(e) - X{s)\ > -^-(logte -1 )) -1 . Note also by (|52j and by (O we have that 

d(X(s), 5Bi_ 2e (0)) < cGo^e- 1 ))- 2 . (55) 

Thus by gO]l 

C 2 

\u(X(e)) - u(X(s))\ > -J-dogie- 1 ))- 1 . (56) 

Since 5 is 3-Lipschitz and d(X(s), dB^ 2e (0)) < 2$ we have \ii(X(s))\ < 6$ < (log( ^, ))2 . Thus by ^ 
we have 

C 2 

|«(X(e))|> ^(lo^e- 1 ))- 1 . (57) 



Now let L be the line parallel to [X(s),X(e)] that passes through q, by ( BTb we can pick vein 

gonorr 

3Bi_ 2e (0)) < rf(v, dBi-a^O)) + c(log(e- 1 ))- 2 . (58) 



B i ao 7 (Z(s)) and let p. = (X(e) + <#}) n (v + tf- 1 ). Note that by trigonometry 
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And so 

dQx, <9Bi- 2e (0)) < d(X(s), 3S!_ 2e (0)) + c(log(6- 1 ))- 2 W c (log( e - 1 ))- 2 . (59) 
Recall we have assumed by contradiction that iff > | — -jig. By (l54l > X(s), p, X(e) are with error 
(e^ (log(e~')))s aligned and by d52l X(s) is closer (or equally close) to <9Z?i-2 e (0) than X(e), so X(s) • j|| > 
X(e)- ||j -ce^(log(e _1 ))s, hence < f + 759- We will denote a triangle with corners at a, b, cby 7\a, £>, c). 
Consider the right angle triangle T{v,X(e),p). Now let if/ denote the angle of the corner of the triangle 
T(v,X(e),p)atX(e). By construction as |v - X(s)\ < e^(log(e _I ))s so jtA — tAj < eS(log(e _I ))"^ < 
thus^ejf -^,1 + ^J.Thus 

127 
128 



^ |v - X(e)\ <\v- X(e)\ sin(0) < \fx- v\ < 27rC 2 (log(e- 1 ))- 1 . 



So 
Thus 



X^I^SCfdo^e- 1 ))- 1 . (60) 



\X(e)-fi\ < cos$)|v-X(e)| 



E3 , , , /tt 1 

< 8C?aog(e-Vcos( 5 -- 

C 2 (l0g(6-'))-' 

~ 16 



(61) 



Hence 



ED cMogCe -1 ))- 

rf(X(e),5Bi- 2e (0)) < £/Oi,3Bi_ 26 (0))+- 1 " 
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C^QogCe- 1 ))- 1 



; ;r> + c(log(£ )) \ 



16 

Thus \u(X(e))\ < 3c i ( '°g^' )r ' + c (log(e- 1 )) 2 which is a contradicts tf57). So dH is established. 

Let to — L n (1? + i?- 1 ). Consider the right angle triangle T(o>,g, §). By trigonometry we know that 

\o> - 0| tan (f - iA) = ? which implies |w - #| < 258?, hence X(s) € dfii_2e(0) n fl C 2 (log(e -i )rl (#). As we 

2 

know already X(e) e 371\.Bi_2 e (0) this completes the proof of Step 1. 



Step 2. We will show 

_JX(s) (X(s)-X(e))\ 1 _! 7 
cos ■ < ce 6 log(e l )s . (62) 

Proof of Step 2. Let = cos" 1 • g£gf). Let 

K = (X(s) + (Xis))"-) n (X(e) + JRX(s)) . 

Note that the points X(s), X(e), k forms the corners of a right-angle triangle where the angle at the point 
X(e) is 9. Since k^Ti and as 71 is convex, [a-, X(e)] intersects dTi at one point only, so let ( = (k, X(e)) n 
371. We claim that £ e 3Bi_2 £ (0). To see this suppose it is not true, then the line segment [K,X(e)] must 
cross one of the flat sides of 371. Recall the angle at of the 'pie slice' 71 is 2 5. So the angle between 
§ and either of the sides of 571 is §■ However the line segment [k, X{e)] is parallel to the line segment 
so cos 1 (jfj ■ *_x(e] ) < 7i ■ Now in order for [a:, X(ej\ to cross the flat sides of (97", without first 
intersecting dZ?i_2 e (0) it has to make a larger angle with § than the flat sides of 371 so this a contradiction. 
Thus the claim is established and we have cos(#) \X(s) - X(e)\ > \X(e) - £|. 
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Now since X(s) e <9fii-2 £ (0) so \u(X(s))\ < cyfe and thus 

u(X(e)) >° (1 - c( £ \og(e- l ))h \X(e) - X(s)\ - ctelog^- 1 ))? 

> l ^^-c(elo g (e-^. (63) 

COS# 

By Lemma there exists a line segment F c Ti parallel to [X(e),£] whose end points are within 
(elog(e _1 ))5 of X(e), ( and for which sup {||DS(z)| - 1| : z e T) < c(elog(e -1 ))" . Let a, b be the end points 
of T, so by the fundamental theorem of Calculus, \u{a) - u(b)\ < (1 + c(elog(e -1 ))") \a - b\. Since u is 
Lipschitz on 71 and \u{£)\ < cyfewe have that \u(X(e))\ < (1 + c(elog(e _1 ))3) \X(e) - £\, thus putting this 
together with d63l we have 

\X(e)-$> lX(e) ~f l , c^log^ 1 ))?. (64) 

(1 + c(elog(e- l )p) cos 6 

Recall B^ig) c 71 and as we know X(s) is closer to <9fii_2 E (0) than X(e), so by ( f54T i we have that 
|X(e)-£| > |, so by (l64l i we have cos(#) > 1 - ce5(log(e _1 ))5 which implies \8\ < ce5(log(e _1 ))? 
and this completes the proof of Step 2. □ 

Proof of Lemma completed. By Step 1 we know X(s) e fi C j(iog lt -i»-i (#)> so the angle between the 

line segment [X(i),0] and the sides of 571 is at l east Ci(log(e ) _1 /4. So if we consider the triangle 

T(0,X(s),X(e)). Let rj be the angle of the triangle at corner 0, so tj > — — ^_ , Recall the angle at 

corner X(s) is and by $62$ 6 < ceS(log(e-'))5 . So by the law of sins, |£f = So 

2 sin 9 i , 13 

\X(e)\ < - < ceMlog(^'))-. (65) 

sin rj 

Now as noted previously, d49l ) and (l46b . |S(X(s))| < c yfe. So by (|40T > we have that 

\u(X{e))\ > (1 - (elogOT 1 )* ) |X(e) - - c^log^" 1 ))* 

> (1 -( £ log(e- v ))hd(X(e),dB^ 2 M)-c(elog(e-^ 

> 1 - ceHlogie- 1 ))^ . (66) 

So we must have r e (|X(e)| + ±es(log(e~ lv )^, \X(e)\ + ce^(log(e -1 ))^) such that 



J 

Job 



\\-\Du\ 2 \dH l z < ceHlog(e- 1 ))-- . 



)dB,.(0) 

By the fundamental theorem of Calculus was have that 

\u(x) - u(y)\ < cet(log( e - I ))-f for all x,y e 8B r (0). (67) 
Let £ = |a|*(e))| ■ Pi c ^ z 6 9B r {0) n 71, since m is Lipschitz on 71 we know 

\u(z) - u(X(e))\ < ceH\og(e- l ))% . (68) 

Thus for any x e dB r (Q) 



%u{x) ~~ %u(X(e)) - ceHlogie- 1 )) 1 * > 1 - cc^log^ 1 ))^, (69) 

together with d46l i (using the fact that ( |46] > implies ||fi - mIIl^b^o)) ^ ce ) this completes the proof of 
Lemma|7l 
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Proof of Theorem completed. Let r ~ es(log(e 1 ))", £, e {-1, 1} be the numbers that satisfy ( |45T l from 
Lemma|7] Let A(x) = £ note |DA(x)| < &. Note by Fubini 



B,(0) JBi(0) 



1 - |D M (z)r||ZM(x-z)|cfeix 
= f (f |DA(x-z)|^)(l-|D M (z)| 2 )flfz 

Jfli(O) \Jb,(0) / 

y/iogie- 1 ). 



< ce 



So there must exist a set G c B f (0) with |G| > e" (log(e ')) 3 such that if x e G we have 

1 1 - |D M (z)| 2 | \DA(x - z)| <fe < ce? . 

B,(0) 

For fleS'jeR 2 define £ := y + R + & Pick jc e G, by the Co-area formula 



1 - \Du(z)f\dH 1 zdH 1 ifi < ce" 



For each if/ e S 1 let x $ = <9B r (0) n /J, )ty = dfii(O) n and = Jf, |l - |£>k(z)| 2 | afi/'z. So 



f 



(z)| 2 + 2^Dm(z)-(A+1c/// i z 



< 2 |>y - - 2gu(x#) + ce,/, 



< ce*(\og(e O) 6 +ce^. 



Thus 











f 


o«(z) + ?n 


dz < f 




«i(0)Wj) 


kl 


Jfi,(0)\B r W 


kl 



|DA(jc-z)|Jz 



(z) + ^\dH x zdH l ifj 



< J I |Dw 

72J 13 r 

< ce^logCe" 1 ))^ +c I e^dH l ip 

Js< 



< ce5(log(e _i )) 



Hence 





2 * < r 




r k(z)+^ 




D«(z) + £n 




JB r (0) 


kl 



dz + ce&(logO ))" 



< c 



U-IID^z^-lll^z + ceKlogCe- 1 )) 



B r (0) 



(70) 



(71) 



(72) 



< ceS(log(e )) 6 . □ 
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